Abstract: We study the entanglement entropy (EE) and the Rényi entropy (RE) of multiple intervals in two-dimensional T T -deformed conformal field theory (CFT) at finite temperature by field theoretic and holographic methods. First, by the replica method with the twist operators, we construct the general formula of the RE and EE up to the first order of a deformation parameter. By using our general formula, we show that the EE of multiple intervals for a holographic CFT is just a summation of the single interval case even with the small deformation. This is a non-trivial consequence from the field theory perspective, though it may be expected by the Ryu-Takayanagi formula in holography. However, the deformed RE of the two intervals is a summation of the single interval case only if the separations between the intervals are big enough. It can be understood by the tension of the cosmic branes dual to the RE. We also study the holographic EE for single and two intervals with an arbitrary cut-off radius (dual to the T T deformation) at any temperature. We confirm our holographic results agree with the field theory results with a small deformation and high temperature limit, as expected. For two intervals, there are two configurations for EE: disconnected (s-channel) and connected (t-channel) ones. We investigate the phase transition between them as we change parameters: as the deformation or temperature increases the phase transition is suppressed and the disconnected phase is more favored.
Introduction
The AdS/CFT correspondence [1] [2] [3] is a mysterious duality between field theories and gravity theories. It gives a new geometric interpretation to a special class of field theories. To check this correspondence, the conformal symmetry often plays an important role in explicit computations of the partition function and correlation functions. It is an interesting problem to make computable examples for generalizations of the AdS/CFT correspondence by deforming the conformal symmetry. The authors of [4] proposed such an example: the AdS 3 /CFT 2 correspondence with the T T deformation and a finite radius cutoff.
Let us briefly review the T T deformation of 2d CFT on a flat spacetime [5] [6] [7] . Consider a deformed CFT by the T T operator with a deformation parameter µ. The action (S where S CFT is the action of the undeformed CFT, and (T T ) µ is a local operator which is constructed by the energy momentum tensor of the deformed CFT. See Eq. (6.10) in [7] for a simple example.
If we consider the first order perturbation in µ, the perturbative action (S QFT ) is given by
where T := T ww , T := Tww , (1.3) are the energy momentum tensors of the undeformed CFT and w andw are complex coordinates. 1 The T T deformation of 2d CFT has a solvable structure. In paricular, the energy spectrum on a spacial circle can be computed non-perturbatively [6, 7] . For recent studies on the T T deformation see, for example, . Non-Lorentz invariant cases are also studied in, for example, [29] [30] [31] [32] [33] [34] . The proposal in [4] is that the gravity dual of the T T -deformed 2d holographic CFT with µ > 0 is AdS 3 gravity with a finite radius cutoff. This proposal has been studied and checked by various methods. In particular, the energy spectrum of the deformed CFT is matched to the quasi-local energy in the cutoff space time r ≤ r c [4] . See also recent development of this holography in [35] [36] [37] [38] [39] [40] [41] [42] . Another gravity dual of the deformed CFT for vacua of string theory was proposed in [43] , see also [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] .
Holographic entanglement entropy [56, 57] is a well studied topic in the AdS/CFT correspondence. The entanglement entropy in the T T -deformed CFT and its holographic dual have been studied in [58] [59] [60] [61] [62] [63] [64] [65] [66] . Especially, a perturbative computation of the entanglement entropy in the T T -deformed 2d CFT on a cylinder [60] and its non-perturbative computation with a large central charge on a sphere [59] are consistent with the holographic entanglement entropy with a radius cutoff.
Without the T T deformation, the entanglement entropy of a single interval in the ground state of 2d CFT is expressed by a well known formula [67, 68] . Even though it has been reproduced by holography, we note that it is valid in any CFT not only in the holographic CFT, where the conditions for the holographic CFT are a large central charge and sparse spectrum. This universality follows from the universality of two point functions in CFT.
On the other hand, the entanglement entropy of multiple intervals is related to higher point functions of the twist operators, which depend on the details of CFT. Thus, in order 1 We omit the Θ 2 := TwwTww term because the correlation functions which include Θ 2 on the cylinder are zero. to check the AdS 3 /CFT 2 correspondence for the entanglement entropy of multiple intervals, we need to use conditions for the holographic CFT. In [69] , the entanglement entropy of multiple intervals in the 2d holographic CFT was computed by the dominant contribution (vacuum conformal block) in the correlation functions, and it agrees with the holographic entanglement entropy formula. This agreement is an important consistency check for the holographic entanglement entropy formula because it is confirmed under the conditions of holographic CFT in the field theory side.
With the first order T T deformation, the Rényi entropy of a single interval in the deformed 2d free fermions CFT was studied at zero temperature [58, 63] by using the twist operators. In this paper, we develop a formula for Rényi entanglement entropy of multiple intervals in 2d CFT with the first order T T deformation at finite temperature by using the twist operators. Our formula reproduces the Rényi entropy of a single interval in the deformed 2d CFT at finite temperature [60] , where a different method, a conformal map from a replica manifold to a complex plane, was used.
We find that the entanglement entropy of multiple intervals in the deformed holographic CFT is a summation of the one of the single interval because of the dominant contribution from the vacuum conformal block. The Rényi entropy of two intervals becomes a summation of the one of the single interval if the distance between the intervals is large enough. These 'additivity' properties from the field theory are consistent with the holographic computation with a radius cutoff.
From the holographic perspective, the entanglement entropy is identified with the minimal area of the surface anchored at the boundary points of the interval at the cutoff u = u c . For two intervals, there are two configurations of minimal surfaces: disconnected phase (s-channel) and connected phase (t-channel) as shown in Figure 1 . By comparing two areas of the minimal surfaces, we can determine 'phase transition' points of the holographic entanglement entropy. This phase structure of the holographic entanglement entropy will be useful to understand the entanglement entropy in the T T deformed CFT.
In [66] , the phase transition of the holographic entanglement entropy of two intervals with the same lengths at zero temperature was investigated. In this paper, we generalize it to two intervals with different lengths and at finite temperature. At high temperature, our holographic computation shows that s-channel is always favored so there is no phase transition. We show that this agrees with the field theory computations. However, at zero temperature and intermediate temperature there is a phase transition between schannel and t-channel. We also discuss the cutoff dependence of the phase transition of the entanglement entropy.
The organization of this paper is as follows. In section 2, we provide the formulas of the Rényi entropy with the first order T T deformation by using the twist operators. Based on this formulas, in section 3 and 4, we explicitly compute the entanglement entropy and the Rényi entropy respectively. In section 5, we study the holographic entanglement entropy of two intervals with the finite radius cutoff and its phase structure. We conclude in section 6.
Formulas of the Rényi entropy in the deformed CFT
In this section, we develop a formalism to compute the Rényi entropy in 2d CFT at finite temperature with a first order perturbation by the T T deformation. We use the twist operators to compute correlation functions on the n-sheeted surface in the replica method. This formalism can generalize the computation of the Rényi entropy of a single interval [60] to multiple intervals.
Consider the deformed CFT by T T deformation living on the manifold M. By the replica method [67, 68] , the Rényi entropy of a subsystem A ∈ M can be expressed as follows
where Z is the partition function defined on M and Z n (A) is the one defined on the nsheeted surface M n (A) which is constructed from sewing n copies of M cyclically along A on each M. A vivid example of this n-sheeted surface is displayed in Fig. 2 . Note that this Rényi entropy (2.1) reduces to the entanglement entropy in the n → 1 limit:
In this paper, we consider the deformed CFT by the first order perturbation of T T at finite temperature, i.e. on a cylinder M. The perturbative action is
where T and T are the energy momentum tensors in the undeformed CFT. We use coordinate w = x + iτ andw = x − iτ on the cylinder M. Here, τ is periodic as τ ∼ τ + β, and 
Since we consider the first order perturbation by µ, we can use CFT techniques to compute the correlation functions in (2.4). Let us express M n T T M n by the twist operators. Consider
] as the subsystem. In this subsystem, M n T T M n is given by [63, 68, 70] 
where σ n andσ n are the twist operators and w i denotes an end point of each interval. Note that k in the first line is a replica index and T k (w)T k (w) is defined from the k-th replica fields. In the second line, we use the following identity in a correlation function: 6) where T (n) (w) and T (n) (w) are the total energy momentum tensors of n replica fields, which are defined as follows:
Note the (2.6) is valid when the operators "· · · " therein have the cyclic symmetry under the change of replica indices. In order to compute the correlation functions on the cylinder M, consider a conformal map 8) from w on M to z on a complex plane C. Under this transformation, the total energy momentum tensors of n replica fields transform as
where c is the central charge of the undeformed CFT. For the calculation of (2.5), we use (2.9) and the Ward identity with the energy momentum tensor (see, for example, [34] ) 
Then, we obtain
where the differential operators ∂ z j and ∂z j in (2.12) act only on the correlation function. Finally, with (2.4), (2.5), and (2.12), we obtain an expression of the Rényi entropy in the deformed CFT of the multiple intervals by using the twist operators
(2.13)
Taking the limit n → 1, the entanglement entropy δS(A) := lim n→1 δS n (A) is given by
(2.14)
If the correlation function is factorized as
we can obtain a simpler expression of δS n (A)
The correlation functions which are studied explicitly in section 3 and 4 satisfy (2.15).
From here, we set all τ i are the same, which is equivalent to set τ i = 0 because of the periodicity of τ .
Explicit computation of the entanglement entropy δS(A)
In this section, we explicitly estimate δS(A) (2.14) of a single interval, two intervals, and multiple intervals. We show that δS(A) of multiple intervals is a summation of δS(A) of the single interval if the correlation function of multi intervals of the twist operators is factorized into the two point functions, such as a dominant contribution from the vacuum conformal block in the holographic CFT. This property of δS(A) is consistent with the holographic entanglement entropy.
Single interval
Let us first compute δS(A) of a single interval case by the twist operator method (2.14). The correlation function of the twist operators for the single interval
where c n is a constant and (2.11) is used. Thus, δS(A) (2.14) of the single interval is
where we used z i := e 2π β x i with τ i = 0 in the last equality. For a detailed calculation of the integration in (3.2), see Appendix A. Note that " − 2" in the numerator of the first equality comes from the derivative of the logarithm term in (2.14) i.e. we only need to read off the power of
Finally, by considering the remaining factor 12 c(n−1) in (2.14) we have
n which becomes " − 2" in the n → 1 limit. Taking x 1 = 0, x 2 = in (3.2), we reproduce the same result in [60] , where a different approach is used: a conformal map between M n and C.
Two intervals

Let us turn to compute δS(A) of two intervals
The correlation function of the twist operators for two intervals is the four point function σ n (z 1 ,z 1 )σ n (z 2 ,z 2 ) σ n (z 3 ,z 3 )σ n (z 4 ,z 4 ) C . Generally, four point functions in CFT are not universal and depend on the details of CFT. Thus, to proceed, we consider the holographic CFT, because in the holographic CFT, it was argued that the vacuum conformal block is a dominant contribution in the four point function of the twist operators [69] 4 . Furthermore, the four point function in the limit n → 1 is factorized into the two point functions in the leading order (see, also [71, 72] ).
In more detail, let us consider the four point function in the holographic CFT classified by the cross ratio 5 η
This cross ratio is invariant under the global conformal transformation [73] and it plays a role in classifying convergence of the conformal block expansion in each channel (see, for example, [74] ). We will call the region of 0 ≤ η ≤ 1/2 "s-channel" and the region of 1/2 ≤ η ≤ 1 "t-channel".
3 It is not
. 4 Rigorously speaking, there is a possibility that the vacuum conformal block is not dominant in some region of η defined in (3.3) . In this paper, we assume that the vacuum conformal block is dominant in the entire region 0 ≤ η ≤ 1.
5 In this paper, η is real such that η =η.
The four point function can be approximated by the vacuum conformal block as 6 , for example in the s-channel 7 [71, 72] 
where 2 F 1 (α, β; γ; δ) is the hypergeometric function and h σn is defined in (2.11). In the limit n → 1, we can ignore 2 n η 2 2 F 1 (2, 2; 4; η) and the higher order terms of n − 1 in (3.5). Thus, for the case n → 1, the four point function in s-channel (0 ≤ η ≤ 1/2) is factorized as
Similarly, the four point function in t-channel (1/2 ≤ η ≤ 1) is factorized as
Substituting (3.6) and (3.7) into (2.14), we obtain
and
Eqs. (3.8) and (3.9) can be considered as a double summation of (3.2). Therefore, in the deformed holographic CFT, δS(A) of two intervals is the summation over δS(A) of the single interval. Indeed, this additive property comes from the log term in (2.14) with the factorization in (3.6) and (3.7). The author in [69] argued that, by using the vacuum conformal block approximation, δS(A) of the two intervals in the undeformed holographic CFT is the summation of the single interval case. This additive property is also shown in [56, 57, 75] within a holographic framework without introducing cutoff. Here, we have shown that this additive property still holds in the T T deformed holographic CFT by the field theory computation from (3.8) and (3.9) . In section 5, we will show this additive property works also in the holographic theory (with a finite cutoff dual to T T deformation) and is consistent with the field theory results here.
Multiple intervals
Finally, we compute δS(A) of multiple intervals
. Consider the holographic CFT in which the correlation function of the twist operators in the limit n → 1 is factorized into the two point functions because of the dominant vacuum conformal block [69] as
where k i and l i are determined by configuration of the multiple intervals in the same manner as the correlation function for the two intervals. Substituting (3.10) into (2.14), we obtain
Therefore, δS(A) of multiple intervals in the deformed holographic CFT which has the property (3.10) is the summation of δS(A) of the single interval. This additive property comes from the log term in (2.14) with the factorization in (3.10). This property of δS(A) is consistent with the Ryu-Takayanagi formula with the radius cutoff.
Explicit computation of the Rényi entropy δS n (A)
In this section, we evaluate the Rényi entropy δS n (A). First, we compute δS n (A) of single interval case by using our twist operator method (2.16). Our result agrees with the one in [60] , where a different method was used. Second, we consider the two interval case and show that δS n (A) of two intervals can be expressed as a summation of a single interval case in some limit. Finally, we make some comments about a holographic interpretation of our results.
Single interval
Consider δS n (A) of a single interval A = [x 1 , x 2 ]. Substituting (3.1) into (2.16), we obtain
Here the first term comes from the first and second terms in (2.16) and the second term comes from the third term in (2.16). This second term is a "mixing term" between holomorphic and anti-holomorphic part and will play an important role when we discuss the additivity of δS n (A) for two intervals. Note also that it gives the same result as (3.2) for n = 1 as expected and in this case the mixing term vanishes.
The integration in the second term in (4.1) needs a regularization procedure 8 . One can see this divergence from the more general form in (A.12): By substitutingz 3 → z 1 and z 4 → z 2 in (A.12), we find a divergency. The upshot of this twist field method is that our results for δS n (A) of a single interval (4.1) reproduces the same consequence reported in [60] , where a direct conformal map between M n and C is used (while here we used a map between M and C, and M n and M are related by the twist operators.).
Two intervals
Consider δS n (A) of two intervals
. In general, δS n (A) of two intervals can not be expressed as a summation of a single interval case because of two reasons.
Firstly, the four point function of the twist operators with n = 1 in the holographic CFT is not factorized into the two point functions as can be seen in (3.5), where n ∼ n − 1 but n = 1. If we instead consider a limit that the cross ratio η behaves as η → 0 or η → 1 the four point function is factorized into two point functions. Note that this factorization is valid not only in holographic CFT but also in any CFT which obeys the cluster decomposition [75, 76] .
Secondly, even if the four point function is factorized, δS n (A) of two intervals may not be the sum of the single interval's because of the "mixing term" between holomorphic and anti-holomorphic part, the third term in (2.16). We will show that this mixing vanishes only for η → 0 but does not vanish for η → 1.
Let us first consider the limit η → 0. By substituting (3.6) into (2.16), we obtain δS n (A) of the two interval:
where δS single n (A) denotes the Rényi entropy of a single interval (4.1) and
Note that if n = 1, i.e. for entanglement entropy, the mixing term vanishes always. However, in general, if n = 1, it looks that δS n (A) of two intervals can not be expressed as a summation of a single interval case because of the mixing term (4.3). To see when this mixing term is negligible, we compute the integral in Appendix A and it boils down to
Let us choose the parameters (0 = x 1 < x 2 < x 3 < x 4 ) as Thus, the first five terms in the parentheses in (4.4) sums up to zero. The last term also vanishes (∼ ln 1) by itself. In other words, when two intervals are far from each other, δS mixing n (A) vanishes, so δS n (A) of the two intervals is the summation of δS n (A) of the single interval. This is indeed the requirement η → 0, which is the condition we have already imposed to have four point function factorized.
On the other hand, if two intervals become close (x 3 → x 2 ) the mixing term blows up because of the third term in the parenthesis in (4.4). These two extreme limit will be interpolated as we dial 23 . To see this we make a plot of the parenthesis of (4.4) in Fig.  3(a) , where we choose
Because we are considering η → 0 limit, 23 / 12 should be large so only the range 23 1 9 is valid.
In the limit η → 1, by using a relation of the correlation function in 2d CFT under η → 1 − η as explained in [75, 76] , one can perform a similar analysis. Thus, δS n (A) of the two intervals is obtained by exchanging z 2 ↔ z 4 in (4.2). In Fig. 3(b) we display the parenthesis of (4.4) after exchanging z 2 ↔ z 4 with Here, we chose a small 23 because we are considering η → 1 limit, which is equivalent to 23 1 with a fixed 12 . The mixing term saturates to 4 when 12 = 34 increase while it diverges if 12 = 34 decreases. This divergence is originated from the second and third term in the parenthesis in (4.4), after exchanging z 2 ↔ z 4 . Note that, roughly speaking, η → 1 restricts the range of 12 1.
Holographic interpretation
The author of [77] proposed the gravity dual of Rényi entropy in the holographic CFT as
where G is the Newton's constant, and the cosmic branes are anchored at the boundary of A. In order to compute the area of the cosmic branes, we need to consider the backreaction from the cosmic branes to the bulk geometry. Thus, generally, the holographic Rényi entropy of two intervals with n = 1 is not summation of the one of the single interval because of the back-reaction between the two cosmic branes. However, if two cosmic branes are far from each other, the back-reaction between them is negligible. This is the limit of η → 0. In this limit, the holographic Rényi entropy of the two intervals becomes summation of the one of the single interval. Even though we introduce the radius cutoff, which corresponds to the T T deformation of the holographic CFT, this property of the holographic Rényi entropy will be still valid. Thus, it is consistent with our field theory result in the previous subsection.
Away from the limit η → 0, δS n (A) of the two intervals in the deformed holographic CFT includes corrections to (4.4) and higher order terms of η in the vacuum conformal block. These corrections may be related to the back-reaction between the two cosmic branes in the holographic Rényi entanglement entropy formula with the radius cutoff.
For η → 1, our field theory result shows there is a saturation of the mixing term when the range 23 is almost a point at the cutoff, ii) the cosmic brane for the range 14 will be closed to and bounded by the horizon because 12 1( 14 ∼ 2 12 ). Thus we may expect that there will be the saturated back-reaction between them.
Holographic entanglement entropy and phase transitions
In this section, we study the holographic entanglement entropy with a finite cutoff and compare it with the previous field theory result. While the perturbative field theory is valid only for small deformations, the holographic method can be used for general deformations. We specify the parameter regime that the field theory and holographic results agree. We also investigate the phase transitions between the s-channel and the t-channel for the two interval cases with a finite radius cutoff in the holographic framework.
Holography: single interval
Let us consider a planar BTZ black hole:
where L is the AdS radius, and r h is the horizon radius. At the cutoff radius r = r c ,
where
The holographic entanglement entropy of a single interval betweenx =x i andx =x j at the cutoff radius r = r c in this black hole geometry is [56, 60] 
where G is the Newton constant, u c := 1/r c , and u h := 1/r h is proportional to the inverse temperature
The length ij := |x i −x j |/ 1 − u 2 c /u 2 h corresponds to the length of the single interval |x i − x j | in the dual field theory. Eq. (5.4) reduces to the usual holographic entanglement entropy in [56] as u c → 0.
To compare this with the field theory result (3.2), let us consider a small deformation or cutoff (u c u h ) [60] .
By further considering the "high temperature" limit (β = 2πL 2 u h ij ), that is to say,
with [4, 60, 78] 
where c is the central charge and is the corresponding UV cutoff in the dual field theory. Note that the second term of (5.7) agrees with (3.2), i.e. the first order correction in µ to the holographic entanglement entropy only at high temperature limit (β ij ) matches with the field theory result [60] .
Field theory: two intervals and phase transition
In section 3.2, for two intervals, we find that there are two phases of the entanglement entropy: s-channel and t-channel. In the 2d holographic CFT without the deformation, it has been shown that η = 1/2 is the transition point between two channels [69] with the assumption that there are no other phases. We may ask what the effect of the small deformation on the phase transition is. Does it enhance the phase transition or not? To answer this question in the perturbed field theory we express the entanglement entropy of the deformed holographic CFT up to first order perturbation:
Here, S s-ch (A) and S t-ch (A) are the entanglement entropy of s-channel and t-channel up to first order perturbation, respectively, where δS s-ch (A) and δS t-ch (A) are the first order correction of the entanglement entropy given in (3.8) and (3.9), respectively. In the previous subsection we see that the field theory results match the holographic entanglement entropy in the high temperature limit:
where, we used that sinh( ij /β) ∼ e ij /β 2 and coth( ij /β) ∼ 1. Then we have
Because our field theory method is only reliable in the small µ/β 2 regime, (5.11) is always negative so there is no phase transition: the s-channel is always dominant in the high temperature.
Holography: two intervals (symmetric case)
As we showed in the previous section, our field theory computation cannot capture any phase transition in its validity regime: small deformation and high temperature regime. However, since the holographic entanglement entropy formula (5.4) can be defined at any temperature (any u h > 0 via (5.5)) and any cutoff u c < u h , 10 we can explore the transition in the whole region 0 < u c < u h . In the case of two intervals, we have two configurations of minimal surfaces as shown in Fig. 1 . Then, the holographic entanglement entropy is chosen as the one having a smaller minimal surface:
where and here S H ( ij ) is the holographic entanglement entropy for the single interval ij = |x i − x j |. For convenience, we assume x 1 < x 2 < x 3 < x 4 . In summary, to find S H our task is i) to compute S H s-ch and S H t-ch in (5.13) by using the single interval formula (5.4) , ii) to compare them and pick up the one with a smaller value, which is (5.12). In order to quantify the transition points we define
Thus, if S c > 1, S H = S H t-ch , while if S c < 1, S H = S H s-ch . The curves of S c = 1 are the transition points or the phase boundaries. Setting 12 as a scaling parameter we deal with the following scaled parameters. From here, we takeL = 1 without loss of generality. Let us first consider a symmetric case (¯ 34 = 1). Fig. 4 shows the curves of S c = 1 (see (5.14) ) in the plane of¯ 23 andū c at fixed temperatureū h . Fig. 4(a) is forū h = 2 and Fig. 4(b) is forū h =2(blue), 0.5(green), 0.1(red). The region above(below) the solid curves correspond to the s(t)-channel. The black dashed curves display the approximate results nearū c = 0 in (5.16). From Fig. 4 we find the followings.
Field theory results:
The perturbative field theory regime we studied in section 5.2 qualitatively corresponds to the left-upper corner of Fig. 4 . Qualitatively speaking, 'Left' corresponds to the small deformation and 'up' corresponds to the high temperature limit 11 . The left-upper corner is always s-channel, which is consistent with the field theory result.
Separation dependence: For fixedū c andū h , as the separation¯ 23 increases, the schannel is favored. Note that there is always a phase transition becauseū c <ū h . 
Holography: two intervals (asymmetric case)
Next, we consider the asymmetric case (¯ 34 = 1). Fig. 6 shows the phase transition surface for¯ 34 = 0.1, 1, 10. The region above the transition surface is for the s-channel. Fig. 6 (b) in particular corresponds to the symmetric case (¯ 34 = 1) which is the three dimensional version of Fig. 4(b) . As¯ 34 decreases, the t-channel is more suppressed. As¯ 34 increases, the parameter region for the t-channel increases and saturates to the maximum region.
Maximum separation for the phase transition: Similarly to the symmetric case, there is the maximum separation for the phase transition. If the separation is bigger than this, only the s-channel is available. From Fig. 6 we find that the transition point at u c = 0 atū h → ∞ has the maximum separation. By collecting these points for various¯ 34 (ū c = 0,ū h = 100), we make a black curve in Fig. 7 . The maximum point increases as 34 increases, but it does not exceeds 1. Indeed, this curve can be understood as follows. Without a cutoff (ū c = 0), in the limitū h → ∞,¯ 23 satisfying S c = 1 saturates tō 19) which is plotted as the yellow dashed curve in Fig. 7 . Note that 20) as¯ 34 → ∞. Alternatively, we can also understand (5.19) by the cross ratio η. This η is defined in the 2d CFT, and in this case the phase transition occurs at η = 1/2 [69, 75] 12 .
Since we are considering the caseū c = 0 andū h → ∞, we may use that criteria i.e.
which implies (5.19).
12 In higher dimensional cases, the phase transition of the holographic entanglement entropy of two strips at finite temperature was also studied [79, 80] .
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Conclusions
In this work we have studied the entanglement entropy and the Rényi entropy of multiple intervals in 2d CFT at finite temperature with the first order perturbation by the T T deformation.
To compute the Rényi entropy, computations of the correlation functions between the twist operators and T T are crucial. We have derived the general formula to compute the Rényi entropy (also entanglement entropy as a special case of the Rényi entropy) in general CFT up to the first order deformation.
By using this formula we have found that the entanglement entropy of multiple intervals in the deformed holographic CFT is the sum of the one of a single interval. This is a non-trivial result from the field theory side while it looks straightforward from a holographic viewpoint via the Ryu-Takayanagi formula. In other words, it provides a non-trivial consistency check of holography with the T T deformation.
On the contrary, the Rényi entropy of two intervals is the sum of the one of a single interval only if the distance between two intervals is large enough. It can be intuitively understood by the fact that the holographic Rényi entropy are related with the cosmic brane which has a tension, contrary to the Ryu-Takayanagi surface. Thus, in general there will be a back-reaction, which will disappear only if two intervals are far away.
For two intervals, there are two configurations for the entanglement entropy, so called s-channel and t-channel. They correspond to the disconnected Ryu-takayangi surface and the connected surface respectively in holography. Mathematically, both are available, but the entanglement entropy corresponds to the one with the smaller value. From our field theory computation, we have shown that the s-channel is always favored in the small deformation if the lengths of the intervals ( 12 and 34 ) and the separation between them ( 23 ) are much bigger than the temperature (u h ), i.e. ij u h ∼ β. From our holography computation, we have confirmed it and, furthermore, shown that it is true also in the large (arbitrary) deformation.
Holographic framework can deal with an arbitrary deformation and temperature, contrary to the field theory method. By taking this advantage, we explored the whole parameter space of the deformation and temperature to identify the parameter range for t-channel. We find that at a given deformation and temperature and 34 , if¯ 23 = 23 / 12 becomes smaller there will be a phase transition from the s-channel to t-channel at some critical length, say¯ c 23 . The critical length¯ c 23 increases as the temperature or the deformation parameter decreases or 34 increases. Thus, we find that the maximum value of For the Rényi entropy of two intervals in this paper, we focused on the case η → 0 or η → 1 to use the factorization property of the four point function. However, in principle, it is possible to consider an arbitrary η in the holographic CFT. Comparing it with the holographic Rényi entropy may serve as another important consistency check of holography. It will be also interesting to generalize the formalism for the Rényi entropy in this paper for other entanglement measures (for example, [81] [82] [83] [84] ) by considering the suitable twist operators. We leave these as future work.
We first integrate with respect to τ . The indefinite integral over τ is produce the same value as we put τ = 0 and τ = β, these terms do not contribute to the result. Therefore, we only focus on the logarithmic functions in (A.2) which needs a careful analysis due to the branch cut. We have the following identity useful for the logarithmic functions with the complex variables:
ln(e 
